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<^> Abstract 



Three-manifolds can be obtained through surgery of framed links in S 3 . 
Q_i! We study the meaning of surgery procedures in the context of topological 

pH I strings. We obtain U (N) three-manifold invariants from U (N) framed link 

invariants in Chern-Simons theory on S 3 . These three-manifold invariants are 
^ , proportional to the Chern-Simons partition function on the respective three- 

manifolds. Using the topological string duality conjecture, we show that the 
large N expansion of U(N) Chern-Simons free energies on three-manifolds, ob- 
tained from some class of framed links, have a closed string expansion. These 
expansions resemble the closed string A-model partition functions on Calabi- 
Yau manifolds with one Kahler parameter. We also determine Gopakumar- 
Vafa integer coefficients and Gromov-Witten rational coefficients correspond- 
ing to Chern-Simons free energies on some three-manifolds. 
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1 Introduction 



After the second superstring revolution, several useful relations have been discovered 
unifying various ideas of physics and mathematics. One such surprising discovery in 
the recent past has been the new connections between Chern Simons gauge theory 
and the physics of closed topological string theory in certain backgrounds. 

The initial steps in this direction was taken by Gopakumar and Vafa in pQ, [S]. 
The conjecture put forward by these authors relate large N Chern-Simons gauge 
theory on S 3 , which is equivalent to A- twisted open topological string theory on 
T*S 3 [4J, to the A-type closed topological string theory on the resolved conifold. This 
conjecture was then tested at the level of the observables of the Chern Simons theory, 
namely the knot invariants. In 0, Ooguri and Vafa formulated the conjecture in 
terms of invariants for the unknot (a circle in S 3 ), and further checks were carried 
out for more nontrivial knots in j^j, [Zj, [E], 0- 

The evaluation of knot invariants in :5] actually led to very strong integrality 
predictions for the (instanton generated) A-model disc amplitudes, which were then 
verified from the more tractable mirror B- model side by several authors fUj, [TT] . 

Purely from gauge theory considerations, following the idea of 't Hooft [Tlj . 
it looks to be a challenging problems to prove that the Feynmann perturbative 
expansion of any U(N) gauge theory in the large N limit is equivalent to a closed 
string theory. It is believed that the Gopakumar- Vafa duality conjecture can provide 
insight in determining the 't Hooft expansion of U(N) Chern-Simons free energy on 
any three-manifold M. 

As we have already mentioned, the Gopakumar- Vafa duality conjecture states 
that U(N) Chern-Simons theory on S 3 , which describes the topological A-model 
of iV D-branes on X = T*S 3 , is dual to topological closed string theory on X 1 = 
O(-l) © 0(—l) — > V 1 . Having verified the conjecture at the level of Chern-Simons 
partition function on S 3 and Wilson loop observables (the knot invariants), we need 
to understand the meaning of surgery of framed links in S 3 within the context of 
topological strings, and this is one of the issues we set out to address in this paper. 

From the fundamental theorem of Lickorish and Wallace it is well known 
that any three-manifold M can be obtained by surgery on a framed link in S 3 . 
Further, two framed links related by a set of moves called Kirby moves determine the 
same manifold. In Chern-Simons theory, an algebraic expression has been derived 
[TT)] . in terms of framed link invariants, which are unchanged under Kirby moves of 
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the framed links. Hence the algebraic expression represents three-manifold invariants 
which are proportional to the Chern-Simons partition function (Z[M]) on the three- 
manifold M. Incorporating the results of the topological string duality conjecture, 
we determine large iV expansion for lnZ[M] for many manifolds. Surprisingly, the 
expansion looks like an A-model closed string partition function on a Calabi-Yau 
space with one Kahler parameter. 

We point out an important subtelty here. As is well known, the classical so- 
lutions of the Chern-Simons action on a general theree-manifold M are the flat 
connections on M. In the weak coupling limit, the Chern-Simons partition func- 
tion gets contributions from a perturbative expansion around all such stationary 
points. Noting that the space of flat connections may be either a collection of a 
set of stationary points or a set of connected pieces, this partition function can be 
appropriately written as a sum or an integral over the space of flat connections. The 
large N expansion of 't Hooft is expected to relate the 1/N expansion of the Chern- 
Simons theory around a given flat connection to an A-type closed topological string 
theory. In this has been shown from a matrix model approach, for the Lens 
space £(p, 1). In this paper, however, we show that the full Chern-Simons partition 
function (lnZ[M]) has a closed string interpretation for a class of three manifolds. 

Indeed, proposing new duality conjectures between Chern-Simons theory on gen- 
eral three-manifolds M and the corresponding dual closed string theories will involve 
the extraction of the partition function around individual flat connections, in lines 
with [Hj. This will extend the original conjecture by Gopakumar and Vafa, for 
general manifolds M. We believe that our results on the invariants, involving the 
full partition function, would be useful in proposing and understanding fully the 
nature of such dualities. We will elaborate on this point further in the concluding 
section. 

The organisation of the paper is as follows. In section 2, we briefly recapitulate 
the framed link invariants in U(N) Chern-Simons theory, and present the U(N) 
three-manifold invariants obtained from framed link invariants in S 3 . In section 3, 
we show the relation between the three-manifold invariants and the observables in 
topological string theory. Further, we obtain closed string invariants for the Chern- 
Simons free energies. Section 4 contains some explicit results on the Gopakumar 
Vafa coefficients corresponding to the large N expansion of the Chern-Simons free 
energy on some manifolds. Section 5 ends with some discussions and scope for 
future research. In an appendix, we present some results on the integer invariants 
for the unknot with arbitrary framing, which are useful for the computation of the 
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Gopakumar Vafa coefficients. 



2 U(N) Chern-Simons Gauge theory 

Chern-Simons gauge theory on a three-manifold M based on the gauge group U(N) 
is a factored Chern-Simons theory of two gauge groups, SU(N) and U(l). That is, 
the action is simply a sum of two Chern-Simons actions, one for gauge group SU (N) 
and the other for U(l), each with an independent coupling constant (k, k±) 

S = —[ Tr ( AA dA+ -A A A A A] + — [ Tr(BAdB) (2.1) 

47T Jm V 3 / 47T Jm 

where A is a gauge connection for gauge group SU(N) and B is the connection for 
U(l). Clearly, the U(N) partition function Zsjj{n)}[M] = Z[M] is just the product 
of two partition functions [Z{su(N)}[M], Z^u^y[M]\ 

Z[M] = J [VB] [DA] e iS . (2.2) 

We shall now briefly present the Wilson loop observables in the theory. The 
U(N) Wilson loop operators for a r-component link L made up of component knots 
/Cj's are simply factored Wilson operators of the U(l) and SU(N) theories 

W m , ni)} [L] = flTrnUWyd] Tr^UWVd] , (2.3) 



i=i 



where f/ ( - A - ) [/Cj] = P expf^.A denotes the holonomy of the SU(N) gauge field A 
around the component knot /Q of a link L carrying representation i?j and [/Q] = 
P exp § K . B denotes the holonomy of the U(l) gauge field B around the component 
knot /Q carrying U(l) charge n^. The expectation value of these Wilson loop opera- 
tors are the U(N) link invariants which are products of SU(N) and U(l) invariants 

V {U(N )} lLM] _ , S[VA][VB]e iS W m>ni)} [L] 

= vklT^M]V^l nr [L,M] (2.4) 

2.1 U(N) Framed Link Invariants in S 3 

The observables in U(l) Chern-Simons theory on a three-sphere S 3 capture only self- 
linking numbers (also called framing numbers) and the linking numbers between the 
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component knots of any link. Hence, the U(l) link invariant will be 



KSSLr [L, S 3 ] = exp £ nfo j exp ( ^£ ^ . (2.5) 

where p^s are the framing numbers of the component knots /Q's and Eky are the 
linking numbers between the component knots /Q,/Cj. From eqns. (|2.4j) . (|2.5|) . it is 
clear that the U(N) link invariants coincides with SU(N) invariants if and only if 
Pi's and ikij are zero. 

The evaluation of SU(N) framed link invariants from Chern-Simons theory on 
S 3 makes use of the two ingredients: (i) the connection between Chern-Simons field 
theory and the corresponding Wess-Zumino conformal field theory (ii) the fact that 
knots and links can be obtained by closure or platting of braids. We refer the 
reader to [TH] [HH for detailed description of obtaining SU (2) framed invariants and 
framed invariants from Chern-Simons theory on S 3 based on any arbitrary semi- 
simple group. 

We shall now present the polynomials for various framed knots and links. For 
the unknot U with an arbitrary framing p, carrying a representation R of SU(N), 
the polynomial is 

yWA0}[ W 5 3j = q ( P c R ) y R p^ = q -&(gP*R dimqR ) ; (2.6) 

where q = exp (j^ifi) , (■ refers to the total number of boxes in the Young- Tableau 
of the representation R and 

KR = l(N£ + £ + J2(ll-2ili)) , (2.7) 

with li being the number of boxes in the i-th row of the Young- Tableau of the repre- 
sentation R. One can verify that both the quantum dimension of a representation, 
dim q R and kr are polynomials in variables X ± ^ and q ± ^ where A = q N . The frame 
dependent term involves a variable e z = q^ . Hence the unknot invariants with 
framing p ^ are no longer polynomials in variables q^ 1 ^, A 1 * 1 ^ but also involve one 
more variable e z = gw. 

In order to make the polynomials independent of the variable e z , we can multiply 
by U(l) invariant ()2.5|) with a specific choice of U(l) charge n and coupling constant 

h 



n = ^] k 1 = k + N . (2.1 
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Therefore the U(N) invariant for the p-framed unknot in S 3 with the above choice 
of £7(1) representation and coupling constant is 

V m { !H\ [° (P) > = q pKR dim q R . (2.9) 

Now, we can write the U(N) framed knot invariants for torus knots of the type 
(2,2m + 1) and other non-torus knots like 4i, 6i in S 3 . For example, the U(N) 
invariant for a framed torus knot of type K = (2, 2m + 1) with framing [p— (2m + 1)] 
will be 

V f f { T}[K,S 3 } = q pKR V dim q R s {-If* (q KR ~ KR °/ 2 ) 2m+1 , (2.10) 
^ R S &R®R 

where e s = ±1 depending upon whether the representation R s appears symmetri- 
cially or antisymmetrically with respect to the tensor product R®R'm the SU(N)k 
Wess-Zumino Witten model. Similarly, U(N) invariants for framed torus links of 
the type (2, 2m) can also be written. For example, the U(N) invariant for a Hopf 
link with linking number —1 and framing numbers p± and P2 on the component 
knots carrying representions R\ and R2 will be 

(R ^\ H *(PiiP2l S 3 ] = (p**i<p««* £ dim q R s q K *i +K **- K «° , 

1 lj VF M 2, Vn> R s €Ri®R 2 

(2.11) 

where l\ and I2 refers to total number of boxes in the Young- Tableau of the repre- 
sentations R\ and R2 respectively. From now on, we shall denote 



V 



{U(N)} r T q3] _ rr{U(N)} Q 3l 

(^)>(^).---(*^) L ' J " VR ^-^ b J 

supressing the U(l) charges as they are related to the total number of boxes in the 
Young- Tableau of the representations i?j's (J2.8J) . Using the framed SU(N) invariants 
for arbitrary framed links in S" 3 (T^j, it is straightforward to obtain the corresponding 
U(N) link invariants. We will now see how these U(N) framed invariants in S 3 with 
such special U(l) representation reflects on three-manifold invariants. 



2.2 U(N) Three-Manifold Invariants 

The Lickorish- Wallace theorem states that any three-manifold M can be obtained 
by a surgery of framed knots and links in S 3 . Two framed links related by Kirby 
moves will determine the same three-manifold. In other words, three-manifold in- 
variants must be constructed from framed link invariants in such a way that they 
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are preserved under Kirby moves. The SU(N) three-manifold invariant F[M] for a 
manifold M obtained by surgery of a framed link in S 3 will be [HI] 

F[M\ = aT a[L] E MftA.^CW.WJygS^^S 3 ], (2.12) 

Rl,R 2 ...Rr 

where {pi}, are the framing and linking numbers and cr(L) is the signature of 

the linking matrix of framed link L. It has been proven ^H] that F[M] is unchanged 
under the operation of Kirby moves on framed links if we choose 

« = exp C-^f) , HR 1 ,R a ...Rr({Pi}> {tkij}) = S 0Rl S 0R2 . . . S QRr , (2.13) 

where c = ^p^rr and S QRi 's denotes the modular transformation matrix elements. 
We see that Hr 1 ,r 2 ...r t is independent of framing and linking numbers. We can now 
construct U(N) three-manifold invariants from the U(N) framed link invariants in 
S 3 as follows 

F[M] = p-W £ {^WSIrAL, S 3 } , (2.14) 

{Ri} 

where f3 and ft must be chosen such that F[M] is unchanged under Kirby moves on 
framed links. Further, for obtaining three-manifolds from knots and disjoint links 
with zero framing and linking numbers, we require 

F[M] =F[M], as [L, S 3 ] = vgfg?> [L, S 3 ] . (2. 15) 

Therefore, for {p;} = 0, {ik^} = 

P-R 1 R a ...R r ({Pi = °}) {Zhj = 0}) = HRiR 2 -Rr • (2-16) 

The special choice of the U(l) representation and the above limiting conditions 
suggests that 
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H^Mbi}, {ihj}) = m*^e~'fa^ +Y ™ hha ^ , (2-17) 



for F[M] to be preserved under Kirby moves. Rewriting the U(N) link invariants in 
terms of the SU(N) invariants, it is obvious that F[M] is the same as F[M]. Hence 
the three-manifold invariants do not distinguish between U(N) and SU(N) gauge 
groups and they are proportional to the partition function Z[M] [T6] : 
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The partition function on S* 3 is equal to 



Z[S 3 ] = Soo. (2.19) 

Let us introduce a slight modification in notation which will be useful when we relate 
these three-manifold invariants with expectation values of topological operators in 
topological string theory 

SI = (-l)S.'"A^C] A [I, S»]( 9 , A) . (2.20) 
The U(N) (or equivalently SU(N)) three-manifold invariants can be rewritten as 

m = ^m +r[MtZAPth{tk , }] (2.2i) 

>->00 >->oo 

where Z [M]/S'oo is independent of z, {pi}, {^hj} and is given by 

Z o[ M ] _ -a\L\ V- c CI ,\T.JiPiA 



cT°W E 5o« 1 ...5o^(-l)S^A^^.U^5 s ](,,A), 

(2.22) 

and .F[M, z, {pi}, {^fcy}] contains the remaining z, {^hj} dependent terms. For 
knots and disjoint links with zero framing and linking numbers, it is not difficult to 
see that T\M, z, {pi}, {^hj}] — resulting in Z[M\ = Z [M}. In the next section, 
we will show the natural appearance of Z [M] in the context of topological strings. 



3 Topological Strings 

Gopakumar and Vafa have conjectured that closed topological string theory on a 
resolved conifold is dual to large N Chern-Simons gauge theory on S* 3 . The con- 
jecture has been verified by comparing the large N expansion of the free-energy of 
the Chern-Simons theory on S 3 with the closed topological string amplitude near 
the resolved conifold. This duality relates the Chern-Simons field theory variables 
q and A with the string theory parameters 

q = e 9s , X = e t = e Ng ° , (3.1) 

where g s is the string coupling constant and t is the Kahler parameter of the resolved 
conifold. With the above identification between the variables q, A with g s ,t, the 
Chern-Simons variable e z is 

e z = e 9s/2N . (3.2) 
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The large N expansion is performed by taking the limits 



g s — > and iV — > oo . (3.3) 

In this limit, the variable z = g s /2N can be set to zero. This suggests that the z in- 
dependent part of the three-manifold invariant, namely, Z [M]/Soq can be compared 
with quantities on the topological string side. 

Ooguri and Vafa found another piece of evidence for this duality conjecture 
by showing that the Wilson loop operators in Chern-Simons theory correspond to 
certain observables in the topological string theory. The operators in the open 
topological string theory which contains information about links is given by 



Z{{U a },{V a })=exp 



r oo i 

E E jnui kv: 

.Q = l d=l a 



(3.4) 



where U a is the holonomy of the gauge connection A around the component knot 
/C Q carrying the fundamental representation in the U(N) Chern-Simons theory on 
S 3 , and V a is the holonomy of a gauge field A around the same component knot 
carrying the fundamental representation in the U(M) Chern-Simons theory on a 
Lagrangian three-cycle which intersects S 3 along the curve K. a . 

We can use some group theoretic properties to show that the expectation value 
of the operator ()3.4|) exactly matches Z [M]/ Sqo provided we choose the rank of the 
two Chern-Simons gauge groups to be same (N = M). If we expand the exponential 
in eqn. ()3.4|) . we will get 

Z({U a }, {V a }) = 1 + E fl -^Jk(*)(U a )^(V a ) (3.5) 



where 

*SW U^r-l"' >7^)(C/a) = II ( Trf/ ^) 3 ■ (3- 6 ) 

3 3=1 

Here = (k[ a \ h% , . . .) with \k^\ = J2j kj and the sum is over all the vectors 
k^ such that E«=i \ k(a) \ > °- Usin g the 

group theoretic properties 
luAUi) ■ .-IkXUr) = E II X« Q (C(^))Tr i?1 (f/ 1 ) . ..Tr Rr (U r ) , (3.7) 

R u ...Rr a=l 

E lzX Rl (C(k))) XR2 (C(k))) = 5 RlR2 , (3.8) 
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(<*) 



where Xi? Q (C(^ (a ' , ))' s are characters of the symmetry group Si a with i a = Y^jjkj 
and C(k^) are the conjugacy classes associated to fc^'s (denoting fcj Q ' ) cycles of 
length j), one can show that the eqn. (|3.5jl becomes 

^({C/J, {K}) = E II T±Ra(Pa)T*R.{V a ) . (3.9) 

Ooguri and Vafa have conjectured a specific form for the vaccum expectation value 
(vev) of the topological operators ()3.4|) for knots [5] invoking the large N topological 
string duality. This result was further refined for links [SJEI] which is generalisable 
for framed links as follows 



(Z({U a },{V a })) A = exp 



oo -r r 

E E -M,..^X)Yi^y" 

d=l {R a } a=l 



(3.10) 



W 2 ,...*,)(g,A) = A^-^S: (gl/a _ 1 g _ 1Al) ^,..j t .),q,.g'A q (3.11) 

where the suffix A on the vev implies that the expectation value is obtained by 
integrating the U(N) gauge fields A's on S 3 , and £ a is the total number of boxes in 
the Young Tableau of the representation R a . Further, for framed links Ni Rlt ... Rr YQ jS 
are integers only if expectation value of the U (N) Wilson loop operators in S 3 are 
defined as P 

(f[jr Ra (U a )) = (-1)^=^V^ N £[L,S 3 ) (3.12) 

= ^^n: iN £iL,s*]( q ,\). (3.13) 

This is justified since the holonomy V a on the Lagrangian three-cycle C, under change 
of framing becomes V a = (— l) Pa V a jHj, which is equivalent to 

Tr Ra V a = (-lY^Tr Ra V a . (3.14) 

If we also integrate the A fields in the Chern-Simons field theory on the Lagrangian 
three-cycle then vev of the topological operator ()3.9)1 is 

WiUa}, {Va})) A , A = E (fl (II ^RoPa) ■ (3.15) 

Ri,...R r at=l a=l 

where we need to determine the expectation value of the Wilson loop operators on 
the Lagrangian three-cycle C with Betti number h\ = r which are non-compact. For 
these non-compact Lagrangian three-cycles, it appears to be possible to deform knots 
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and links into unknot and disjoint collection of unknots respectively. Therefore, it 
is convincing to assume 

(Tr^K) = dim q R a = ^ . (3.16) 

>joo 

Even though the assumption looks logical, finding a proof still remains a challenging 
question. Substituting eqns. ()3.12|) . ()3.16|) in f)3. 15j) and comparing with eqns. ()2.22|) . 
()2.20|) . we get the relation 

WOO) 

Also, from eqn. ()3.10|) . we get 

^(^ L] i¥^) = f e ±f^.jir)(Mm r *R a vi). (3.18) 

V WOO) ) d=lR 1 ,...R r CL a=l 

In the limit when N oo and g s — > 0, the Chern-Simons partition function Z[M] 
can be approximated to Z [M] ()2.22|) and the above equation relates the Chern- 
Simons free energy to the expectation value of the topological link operator (J3.4j) in 
topological closed string theory. It is appropriate to mention that the information of 
other three-manifolds obtained from surgery on framed links in S 3 in Chern-Simons 
theory is captured by integrating both the A and A gauge fields in the topological 
string theory. It will be interesting to see whether the Chern-Simons free energy 
(lnZ [M]) can be shown to be equal to the closed string partition function in these 
cases. We will see later that the Chern-Simons free energy in fact resembles the 
A-model partition function. 

Before proceeding to the large N expansion of the free energy, we briefly reca- 
pitulate some salient features of the A-model topological string partition function 
on Calabi-Yau manifolds. 



3.1 The A-model Topological String Partition Function 

The A-model topological partition function on a Calabi-Yau manifold X with some 
number of Kahler parameters denoted by tj's is defined as 

F(X) = Y.9l 9 - 2 mU}), (3-19) 

9 

mU}) = E N k}^ ( 3 -20) 
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where ^Fg({U}) are the A-model topological string amplitudes at genus g and Nf^y 
are the closed string Gromov-Witten invariants associated to genus g curves in the 
homology class (3. In Ref. 0, a strong structure result has been derived from M- 
theory for the topological string partition function 



F(X) 



E 



{mi},r>0,d>0 



~ ra r>{mi} (2sinh^) 2r 2 exp[-<i(^mA 



(3.21) 



where n r> { mi y are integers usually referred to as Gopakumar-Vafa invariants. Clearly, 
the genus g Gromov-Witten invariants Nf*.-, will involve the set of Gopakumar-Vafa 
invariants ^r< 9 ,{ mi }<{ft}- 

We would like to derive a large N closed string expansion for the Chern- Simons 
free energy lnZ [M] on any three manifold M ()3.18|) and show that it has the 
structure (|3.21j) . It is not a priori clear whether the Chern-Simons free energy 
on any M will have a closed string interpretation. Interestingly, using the duality 
connection between Chern-Simons theory on S 3 and topological strings and some 
properties of group theory, we will show that the free energy ()3.18|) does have the 
form ()3.21|) for a subset of knots and links. 

We can write the RHS of the eqn. (jSHHj) as follows 



E f(Ru...R r )(q d ,X d )l[(Tr Ra V*) 

R U ...R r 



a=l 



fc(!),...fcM 



(3.22) 



where f^ w £ M is the character transform of fR lt ...R r whose form has been derived 
in [Sj, namely, 



/fcC 1 ),...^)!?' ■V 



YlJq* -q 2)^=1 *i 



. jk (a) 

3 3 



X 



X 



EE 



n 



9>0 



(fc(l),...fc<r)),g,C 



{q-^-qhfa\Q 



where 



(kW,...kM),g,i 



..R r ),g,Q ■ 

Rl,.,.Rr a=l 



(3.23) 



(3.24) 



N(R lt ...R r ),g,Q are integers which compute the net number of BPS domain walls of 
charge Q and spin g transforming in the representation R a of U(M) in the topo- 
logical string theory. As V^'s correspond to disjoint unknots with appropriate sign 
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corresponding to the framing numbers, we can write 



(«) 



Of=l 



(q2 - q 



Incorporating the above results in eqn. (|3.18|) . we get 

, n (cW*M) = ±El f2sinh^V"V^ x (3.26) 

V (Soo) r+ v ass A 2 J 1 ; 

e ri (-i-(-Ai)*-te^) nM - a*)*') } 

fc(i),...fc« « =1 V J / 

The RHS of the above equation has the structure of the free energy for a closed 
string (|3.21j) provided we can prove that the expression within parenthesis satisfies 



{A« E »( l .,.*,„ s n -L.(-A5)*-^^J n( A-f-A?)'r }(3.27) 

fc(i) r ..fcW a=l 3 ) 

= E %{ m ^-^. mii - 

{mi} 

Identifying, A = exp(t), we see that the above relation will be true for Calabi-Yau 
spaces with one Kahler parameter after performing appropriate analytic continua- 
tion of the variable A — > A -1 [Sj. We should be able to extract the integer invariants 
(the Gopakumar-Vafa invariants) from the open string invariants n^ m ^ (r) ^ Q . Us- 
ing the results obtained in Ref. one can show that 

( _ A i)*-(Ei<)jj (A -f _ A f)*f = (A-I-Ai) (3.28) 
j 

£(-A^W^ (o) ))^(A d ) , 

where Sj^^X) is zero if i? a is not a hook representation and if R a is a hook rep- 
resentation with £ a boxes with £ a — s a boxes in the first row (and we denote the 
representation as Ri a>Sot ) then we have 

S Ra (X d ) = (-l) s « A d (-^+ s «) (3.29) 
Using the properties ()3 . 24|) . ()3 . 28J) in eqn. ()3.26|) we get 

in (> J^L) =EEi( 2 <** d f) ^ {EE E x 

(_l)E Q ^(_i) d E Q ^p-A5 d S Q ^ (y«+E«(-^+ s «)} _ a o! W +1+ E q (-¥+^)})} 

= £ I(2sinh^) 2 *- 2 W -^ (3.30) 
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We can obtain the Gopakumar-Vafa invariants n 9im , and also the Gromov-Witten 
invariants, by evaluating the iV^^.^^Q for various framed knots and links. 

Before proceeding to outline the evaluation of the N's in the next subsection, we 
remind the reader that in our computation of the Gopakumar-Vafa and the Gromov- 
Witten invariants, we use the full Chern-Simons partition function in ()3.30|) . and 
show that this has a closed string interpretation. For reasons that have been outlined 
in the introduction, our results do not constitute new dualities between Chern- 
Simons theory on M and closed A-type topological string theories, although we 
believe that these results would be very important for gaining a full understanding 
of the same. 

Also, note that even though one can check that J2 a (~ + Q) is always an 
integer, the term [(— l)A 1 / 2 p«^ aPa within the parenthesis of ()3.3()|) can be integral 
powers of A (for arbitrary £ a 's) if and only if p Q 's on the components knots are even. 
This suggests that the closed string expansion (|3.27|) is possible only for framed 
knots and links with even numbers of framing numbers p Q 's on all the component 
knots. 



3.2 Determination of the TV's from framed link invariants 

The general formula for / (|3.11|) in terms of framed link invariants (|2.20|) can be 
written as E 



f Rl ,R 2 ,... Rr (<i,x) = a£«w 2 £ (-lr- 1 ^ e >< 

a=l V V i =1 / / i =1 aj ' 

XR aj (C(k^)) v^ZM L > s ^ d > xd ) ( 3 - 31 ) 

where /j,(d) is the Moebius function defined as follows: if d has a prime decomposition 
({Pi}); d = Ui=iPT\ then fi(d) = if any of the m; is greater than one. If all 
rrii = 1, then /j,(d) = (— l) a . The second sum in the above equation runs over all 
vectors with a = 1, . . . r and j = 1, . . . m, such that Yf a =i 1^ I > ^ ^ or an y 3 
and over representations R a j. Further kd is defined as follows: {kdjdi — ki an d has 
zero entries for the other components. Therefore, if k = (k\, ^2, ■ ■ ■), then 

k d = (0,..., 0,^,0,..., 0,fc 2 ,0,...), (3.32) 
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where k\ is in the cf-the entry, &2 in the 2<i-th entry, and so on. Hence, one can directly 
evaluate / from U(N) framed link invariants ()2.20j) and verify the conjecture (|3.11j) . 
Using the following equations 

r 

M Rlr .. Rr . iR ' v ,., R ' r = E II C R a R' a K S B'^(<l) , (3.33) 

R'{,...R'J. a=l 

g>0,Q 

we can write eqn. (|3.31jl as 

fR 1 ,R 2 ,...R r (q,\) = ^ £aPa E M Ri,...R r ;R' 1 ,...R! r f(R' 1 ,...R' r ){q, A) • (3.34) 

In eqn. (|3.33|) . R a ,R' a , R" a are representations of the symmetric group which can 
be labelled by a Young- Tableau with a total of £ a boxes and C RR i R » are the Clebsch- 
Gordan coefficients of the symmetric group. In the next section, we will evaluate 
N for few framed knots, links and present the results of our computation of the 
Gopakumar-Vafa invariants and Gromov-Witten invariants. 

4 Examples and explicit Results 

Our aim in this section is to compute the Gopakumar-Vafa invariants and Gromov- 
Witten invariants corresponding to the Chern-Simons free energy on three manifolds 
obtained from surgery of the respective framed links in S 3 . 

4.1 Knots in standard framing 

In standard framing, there is no distinction between U(N) and SU(N) knot invari- 
ants. Therefore for this class of knots with zero framing number, the Chern-Simons 
partition function will be 

Z[M) = Z [M] , (4.1) 
and the signature of the linking matrix a[L] =0. Substituting in eqn. (j3.3U|) . we get 

1 / do \ 2g ~ 2 

\nZ[M] - 2lnZ[S 3 } = E E 3 2 sinh — x ( 4 - 2 ) 

<i=i g d V 2 / 



= E / 2 ->i. 2 »^,< ■ 

g,d,m 

We will now compute the integer coefficients n 9)m for few examples. 
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4.1.1 Unknot 

The surgery of this simplest knot gives manifold S 2 x S* 1 whose Chern-Simons par- 
tition function Z[S 2 x S 1 ] = 1. The non-zero N's for the simplest unknot is 5\ 

N n ,o, Q =±i/2 = Tl ■ (4.3) 



Substituting this result in eqn. (|4.2jl and doing the appropriate analytic continuation 

7io,i = 2 . (4.4) 



A — > A 1 , the non-zero n g , m is 



Hence eqn. (|4.2|) reduces to 



- 21nZ[s3| = ?5(2^W 2 ^' (4 ' 5) 

Clearly, the large N expansion of Chern-Simons free-energy on S 3 gives Gopakumar- 
Vafa invariant (n g , m [S 3 ]) 

n 0A [S 3 } = -1 . (4.6) 
Using the integer invariants, we can evaluate the Gromov-Witten invariants 

N° m>0 [S 3 } = ^ , Nl >0 [S 3 ] = ±- , N 2 m>0 [S 3 ] = ^. (4.7) 

These invariants in the closed topological string partition function imply that the 
target Calabi-Yau space is a resolved conifold. 

4.1.2 Torus knots of type (2, 2m+l) 

The knots obtained as a closure of two-strand braid with 2m + 1 crossings are the 
type (2, 2m + 1) torus knots. The surgery of these torus knots in S 3 will give 
Seifert homology spheres X(-^, 2 ™+l , ~( 27 ^ +1 ) ) , It will be interesting to determine 
the Gopakumar-Vafa integer invariants and the closed Gromov-Witten invariants 
corresponding to large N expansion of Chern-Simons free-energy on such Seifert 
manifolds. 

(i) The Nr >9> q corresponding to the torus knot (2,5) for represenations upto three 
boxes are tabulated below 
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N U g Q for the torus knot (2, 5) 
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iV m >9) q for the torus knot (2, 5) 
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g q for the torus knot (2, 5) 
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N\-m , g ,Q f° r the torus knot (2, 5) 
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Nrn,g,Q f° r the torus knot (2,5). 
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Nn , g Q for the torus knot (2, 5) 
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Nn , 9 q for the torus knot (2, 5) contd. 



The surgery of the torus knot (2,5) gives the Seifert manifold M\ = X(^-, §, 
Comparing powers of A -1 (after analytic continuation) in eqn. (|4.2| ) we can obtain 
Gopakumar-Vafa integer invariants (n 9jm [Mi]), corresponding to large N expansion 
of the Chern-Simons free energy on Mi, in terms of N's as follows 
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,3,5/2 - N n ,g,3/2 + ^to ,3,3 
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(4.8) 
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n 5 , m [Mi] 



From these invariants, we can extract Gromov-Witten invariants which are rational 
numbers. A few of them are given below 
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(ii) The NR l9t Q computation of the torus knot (2, 7) will be 
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N D g q for the torus knot (2, 7) 
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iVjxi >9> q for the torus knot (2, 7) 



Nn j9j Q for the torus knot (2, 7) 



From eqn. (|4.2j l. we can obtain Gopakumar-Vafa integer invariants n aim {M^\ cor- 



responding to Chern-Simons theory on Seifert manifold M 2 
present few of them in terms of Nr, 9 ,q 
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(4.9) 



-^0,9,5 

From these integer invariants, it is straightforward to obtain Gromov-Witten rational 
numbers. 

It appears from the computation of Nr^&s for the two torus knots that the 
range of Q is £(2m — l)/2 < Q < £(2m + 3)/2. This range of Q allows finite number 
of iV's to contribute to n Sjm , invariants. Thus we see that the large N expansion 
of the Chern-Simons free energy on Seifert manifolds obtained from surgery of torus 
knots of type (2, 2m + 1) can be given a closed string interpretation. The target 
Calabi-Yau space Y corresponding to the closed topological string theory must have 
the Gopakumar-Vafa integer invariants and closed Gromov-Witten invariants de- 
termined from Chern-Simons theory. So far, we considered only knots in standard 
framing. In the next subsection we address three-manifolds obtained from framed 
knots in S* 3 . 
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4.2 Framed Knots 



We have seen that the Chern-Simons partition function Z[M], corresponding to 
manifolds obtained from knots with non-zero framing number, can be approximated 
to Zq[M] in the limit N — > oo, g s — > 0. We shall now determine In Z [M] for framed 
unknot with even framing number 2p. 

Unknot with framing p: The surgery of p-framed unknot results in Lens spaces 
C(p, 1). The TV's for the unknot with framing p = 4 are 
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N D g Q for the unknot with framing p = 4 
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Nrm , g ,Q f° r the unknot with framing p = 4 
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Nrn , g ,Q for the unknot with framing p = 4 
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iVg g q for the unknot with framing p = 4 

Using these Nr, 9i q, we can determine Gopakumar-Vafa integer invariants n 9iJn [£(4, 1)] 
from the expansion of \nZ [C(p, 1)]. We present some of the non-zero coefficients 



n fl ,i[£(4,l)] = N n>gt _ 1/2 6 at0 -26 gfi , (4.10) 
%<i, 2 [£(4,l)] = ^□, ff ,i/2-^ n , ff ,-i/2 + ^m, 3 ,-i , 

n Si4 [£(4, 1)] = iV m >9)1 - iV m >fli0 - iV Bi9i0 + JVg^.! + iV m i9 _ 1/2 , 

--^tm ,g,-3/2 - N ^p ,g,-3/2 + N rrm ,9-2 , 

and the closed Gromov-Witten rational numbers can be deduced from the inte- 
ger invariants. In the appendix, we have the Nr^^q for representations upto two 
boxes for the unknot with arbitrary framing. They will be useful to determine n g , m 
corresponding to Chern-Simons theory on Lens spaces C(2p, 1). In the following 
subsection, we will consider framed links. 



4.3 Framed Links 

We take Hopf link H*(pi,p2) with linking number £k = —1 and the framing on the 
two component knots as p\ = p 2 = 4. Surgery of such a framed link in S* 3 will give 
Lens space £(15,4). The N{r 1} r 2 )^ } q = N^^^q for this example is tabulated 
below: 
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N(pp), 9 ,Q f° r tne framed Hopf link if* (4, 4) 
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iV (m p) , g , Q for tf*(4,4) % D) , 9 ,q for tf*(4,4) 
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N(rm p), g ,Q f° r the framed Hopf link if* (4, 4) 
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9=7 


9=8 


9=9 


^=10 


-2 


94 


271 


338 


221 


78 


14 


1 














-1 


-438 


-1697 


-3001 


-3003 


-1820 


-680 


-153 


-19 


-1 











634 


2971 


6431 


8008 


6188 


3060 


969 


190 


21 


1 





1 


-290 


-1545 


-3768 


-5226 


-4446 


-2394 


-817 


-171 


-20 


-1 






N(rn,D), g ,Q f° r the framed Hopf link if* (4, 4) 



Q 


9=0 


9=1 


9=2 


9=3 


9=4 


9=5 


9=6 


9=7 


9=8 


9=9 


9=10 


-2 


86 


335 


582 


550 


298 


92 


15 


1 











-1 


-376 


-1880 


-4350 


-5776 


-4744 


-2486 


-832 


-172 


-20 


-1 








520 


3080 


8514 


13672 


13820 


9142 


4013 


1158 


211 


22 


1 


1 


-230 


-1535 


-4746 


-8446 


-9374 


-6748 


-3196 


-987 


-191 


-21 


-1 



N(r\p),g,Q for the framed Hopf link if* (4, 4) 



g 


9=0 


9=1 


9=2 


9=3 


9=4 


9=5 9=6 


-2 


15 


17 


7 


1 








-1 


-60 


-83 


-45 


-11 


-1 








81 


126 


75 


20 


2 





1 


-36 


-60 


-37 


-10 


-1 





N(pj >m for the framed Hopf link if* (4, 4) 




9=0 


9=1 


9=2 


9=3 


<?=^ 


9=5 9=6 


-2 


27 


45 


30 


9 


1 





-1 


-105 


-206 


-165 


-66 


-13 


-1 





138 


301 


262 


113 


24 


2 


1 


-60 


-140 


-127 


-56 


-12 


-1 



N(pj 5 g) i9i Q for the framed Hopf link H*(A, 4) 



22 



Q 


9=0 


9=1 


9=2 


9=3 


9=4 


9=5 


9=6 


-2 


48 


106 


99 


47 


11 


1 





-1 


-184 


-466 


-501 


-287 


-91 


-15 


-1 





236 


660 


767 


470 


159 


28 


2 


1 


-100 


-300 


-365 


-230 


-79 


-14 


-1 



N(^q), g ,Q for the framed Hopf link if* (4, 4) 

When one of the representations is trivial, the Nim^^s will be equal to the invari- 
ants Nr^^s computed for unknot with framing p — 4. 

The Gopakumar-Vafa invariants from the expansion of In Z [C(15, 4)] are 



n p ,i[£(15,4)] 

n g , 2 [C(15,A)] 
n ff < 1>3 [£(15,4)] 

n 9 <4, 4 [£(15,4)] 



2n ff> i[£(4, 1)1 + ^,0, (4.11) 
Sg,oft<pp),g-i + 2n ga [C(*,l)] , 

d),g,0 - + 2A' r ( m ,D), ff -3/2 + 2% )3 [£(4, 1)] , 



—N, 



2N tr 



(np),g,0 - ^v (m >D ), ff -3/2 + 2A^ (m _i/2 

- 2iV (g,n), 9 ,-3/2 + 2iV (m _2 + ^(m , m )i9 _ 2 
+2n gA [C(A, 1)] , 



These examples suggest that the Chern-Simons partition function on various mani- 
folds can be given a A-model closed string theory interpretation. From the prediction 
of Gopakumar-Vafa integer invariants it should be possible to determine the nature 
of the Calabi-Yau background. 



5 Summary and Conclusions 

We have studied U (N) Chern-Simons gauge theory and framed link invariants in S 3 , 
for specific choice of U(l) representations placed on the component knots of the link. 
From these U(N) framed link invariants in S* 3 , we have constructed three-manifold 
invariants which are the same as SU (N) three-manifold invariants. These invariants 
are proportional to the Chern-Simons partition function Z\M\ on the corresponding 
three-manifolds. 

In this paper, we have used the results of the topological string duality conjecture 
relating Chern-Simons theory on S 3 to closed A model topological string theory 
on the resolved conifold, to obtain large iV expansions of the Chern-Simons free- 
energy (lnZ[M]) on some non-trivial manifolds. The closed string theory expansion 
resembles the A-model topological string theory on a Calabi-Yau space with one 
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Kahler parameter. We have computed the Gopakumar-Vafa integer invariants and 
the Gromov Witten invariants associated with Chern-Simons partition function on 
three-manifolds like Seifert manifolds, Lens spaces etc. 

We need to understand some subtle issues about the Chern-Simons partition 
function on any three-manifold M. As we have pointed out in the introduction, the 
classical solutions of the Chern-Simons action are the flat connections on M, and 
in the weak coupling (large k) limit, the partition function, which may be a sum or 
integral over the space of flat connections, can be written as 



where Z C [M] is obtained from perturbative expansion around a stationary point 
A = A c . The large N expansion proposed by 't Hooft requires lnZ c [M] to have a 
closed string interpretation whereas we have shown in this paper that lnZ[M] has a 
closed string expansion for many manifolds. 

Note that for the case of the three-sphere S 3 , there is only one stationary point, 
which is the trivial connection. Therefore Z[S 3 } is also equal to the perturbative 
expansion around the trivial connection and hence the closed string interpretation 
is expected from 't Hooft's formulation. 

In the context of Lens spaces C(p, 1), the space of flat connections is a set of 
points. In ref. [I2j, Z[M] has been rewritten as a sum over all flat connections, en- 
abling the extraction of the perturbative partition function around a non-trivial flat 
connection (Z C [M]) for C(p, 1). It has been shown from the matrix model approach 
that Z C [M] can be given a closed string theoretic interpretation. The results establish 
the duality between Chern-Simons theory on Lens spaces £(p, 1) and closed string 
theory on a A p _i singularity fibred over P 1 . The Gopakumar Vafa integer invari- 
ants that we have computed for Lens spaces C(2p, 1) correspond to In (J2 C Z C [M]). 
There must be some relation between these integer invariants and the corresponding 
invariants on Ai p -\ singularity fibred over P l at some special values of the Kahler 
parameters. We hope to decipher such interesting relations in future. 

It appears to be a difficult task to rewrite Z[M] as a sum or integral over flat 
connections to determine Z C [M] for other three-manifolds like Seifert-manifolds. The 
challenge lies in determining Z C [M] and the closed string expansion to precisely 
state new duality conjectures between Chern-Simons theory on M and closed string 
theory. We leave the study of these aspects for a future publication. 




(5.1) 
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Appendix 



A ^R,g,Q f° r the unknot with arbitrary framing p 

For an unknot with arbitrary framing p, the Nr, 9 ,q for fundamental representation 



is 



Ab,o,Q=±i/2 = T(-l) p ,N n>g¥0iQ = . (A.l) 



For representations involving two boxes in the Young- Tableau, TV's for arbitrary g 
can be written as follows 

A> m , p - S ,_i = { ^^l (2p ~ 2s + 2)(2p - 2s + 3) . . . (2p - s - 2) 

^-(2p - 2s + 2)(2p - 2s + 3) . . . (2p - s - 4) + . . .} 



(s-5)! 

+x9(s - 2) , (A.2) 
= ~^,2 ~ 6 (*~2y ^ - 2s + 3)(2p - 2s + 4) . . . (2p - s) (A.3) 

Ncn*-s,i = i 6 (*~2)\ ( 2p - 2s + 2)(2p - 2s + 3) . . . (2p - s - 1) 

° {s ~ ^-{2p - 2s + 2)(2p - 2s + 3) . . . (2p - s - 3) + . . .} 



(s-4)! 

+yO(s-l), (A.4) 
%p-*,-i = {fc^(2p-2s + 2)(2p-2s + 3)...(2p-s-l) 

1 9 ^ S ~ ^-{2p - 2s + 2)(2p - 2s + 3) . . . (2p - s - 3) + . . .} 



(s-4)! 

+yO(s-l), (A.5) 
% P - s ,o = -5 s ,i-^ I y(2p-2s + 3)(2p-2s + 4)...(2p-s + l)(A.6) 

= { 6 { [ S ~^ (2P - 2s + 2)(2p - 2s + 3) . . . (2p - s) 

6 ' ( ' S " 3 ^-(2p - 2s + 2)(2p - 2s + 3) . . . (2p - s - 2) + . . .} 



(s-3)! 

+x9{s) , (A.7) 

with x = 1 & y = for odd s, x = & y = 1 for even s and 6{u) is the usual theta 
function which is equal to one if u > and zero if u < 0. The negative framing (—p) 
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BPS integers are related to the positive framing integers ;8j 

where R^'s are obtained by transposing the rows and columns in the Young- Tableau 
representations. These integers are consistent with Marino- Vafa results for g — 0, 1, 2 

m 
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